Probabilistic Graphical
Models & Probabilistic Al

Ben Lengerich
Lecture 6: Exact Inference

February 6, 2025

Reading: See course homepage




Logistics Reminders

* No class Tuesday, Feb 11
« HW2 due Tuesday, Feb 11 on Canvas
* Quiz in-class Thursday, Feb 13
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A Brief Recap of our Roadmap

Local Structure <——— Prior Knowledge

Graphs -
Lectures 4,5

Parametric Family Py Regularizer / Prior

Disc / Gen Models -
Lecture 3

Probability Distribution Observations

Estimation . Inference
6 > Pp()

MLE / MAP - Lecture 2 Exact - Lecture 6 (Today)
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A Brief Recap of our Roadmap

Architecture Design,
Lectures 16-23

Local Structure <——— Prior Knowledge

Graphs -
Structure Learning - Lectures 4,5

Lectures 10, 11
Parametric Family Py Regularizer / Prior

Disc / Gen Models -
Lecture 3

Probability Distribution Observations

Estimation . Inference
6 > Pp()

MLE / MAP - Lecture 2 Exact - Lecture 6 (Today)

Learning on Graphs _ Approximate - Lecture 14
Lectures 7-9, 12-13
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Today

 Exact Inference
* Variable Elimination
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ExactInference
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Probabilistic Inference and Learning

* We now have compact representations of probability
distributions: Graphical Models (GMs)

« AGM M describes a probability distribution Py,.
 Typical tasks:

« Task 1 (Inference): How do we answer queries about Py, - e.g. P, (X | Y)?
« Task 2 (Learning): How do we estimate a plausible model M from data D?

When could “learning” be seen as a form of inference?

Bayesian Perspective: Missing Data: Must impute missing data
Seeks Pyyior (M|D) P(M|D) = | P(D | Dyresent ) P(M|D)

D missing
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Example Query 1: Likelihood

« Many queries involve evidence
* Evidence e is an assignment of values to a set E of variables

* Example: compute the probability of evidence e
P(e) = Z z P(Xq, ..., Xy, €)
X1 Xk
» aka compute the likelihood of e
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Example Query 2: Conditional Probability

« Often we are interested in the conditional probability
distribution of a variable given the evidence

_P(X,e) P(X,e)
P(XTe) = P(e) Y,P(X=x,e)

« aka compute the a posteriori beliefin X given evidence e

* We usually query a subset Y of all domain variables X = {Y, Z}
and don't care about the remaining Z:

P(Y | e) =ZP(Y,Z=ZIe)

« aka maginalization.
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Examples of a Posteriori Belief

* Prediction: What's the probability of an outcome given the

starting condition? ,

* Query node is a descendent of the evidence

« Diagnosis: What's the probability of an underlying disease/fault
given observed symptoms?
?

* Query node is an ancestor of the evidence

Probabilistic inference combines evidence from all parts of the network, not just following
the directionality of the edges in a GM.
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Example Query 3: Most Probable Assignment

* What's the most probable assignment (MPA) for some variables
of interest?

* Usually performed under some evidence e and marginalized over
other variables Z:

MPA(Y | e) = argmax,P(Y =y |e)
= argmaxy ), P(Y =y,Z =2z ¢e)

* Examples:
» Classification: Y = MPA(Y | e)
* Explanation: What is the most likely scenario given the evidence?
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A cautionary note on MPA

* The MPA of a variable depends on the query “context” - the set
of variables being jointly queried.

e E le:
- MPA of 1,2

+ MPA of (Y;,Y,)? o 35
0 1 0.05
1 0 0.3
1 1 0.3
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Complexity of inference

 Computing P(X = x | e) ina GM is NP-hard

What does this mean for us?

»Inference cannot be solved in polynomial time unless P=NP.

»No general procedure that works efficiently for arbitrary GMs.
» For families of GMs, we can have provably efficient procedures.

»Exponential worst-case performance for exact inference.
» Motivates approximate inference.
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Elimination on Chains

» Consider the following GM:

G Q) (D) ) (0

* What is the likelihood that X is true?

P(e) = ZZ z P0G =1, Xo = %o, Xa = Xa)

X1 X2 Xd-1 Exponentlal#ofterms

 Leverage chain structure:

Ple)=) ) - ZP<X1—x1>1_[P(X = % | X1 = %)

X1 X2 Xd—1
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Elimination on Chains

8 O
 Leverage chain structure:

P(e)—zz zp(xl—xl)np(x_xllxll—xl 1)
X1 X2 Xd—-1
* Reorder terms: \\

P(e) —z Zl [P(Xl- X)) POG) P(X | Xy)

Xd-1 = \Xl J

SLI bStItUte Y Eliminates one
variable from our
P(e) = Z 53 ]_[P(X | Xis1)P(Xs)  sommmtionta
Xg_q i= local cost.

Ben Lengerich © University of Wisconsin-Madison 2025




Elimination on Chains

» Continue eliminating varlables

P(e) = Z 53 ﬂp(x | Xim1) P(Xs)

Xd-1 1=
 Eliminate nodes one- by one all the way to the end

P(e) = ) P(Xq|Xq-1)P(Xq-1)
Xd—1
« Complexity of this calculation:
* d steps, Each step takes = [Dom(X;)| * |[Dom(X;_,)| operations
e = 0(dn?) wheren = ml_aX|D0m(Xi)|

 Compare to naive 0(d™)
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Example: HMMs

(x)
p(X,y) /) b XT, Vs vvve-- , V1)
=p1) p(x1 | Y1) pO2 | Y1) p(x2 | y2) ... pOr | y11) (X1 | Y1)

L GTH T ) Z 3 ¢ Z Z s Z ;71 1 T ey iipsserns )

Y1 Yi—1 Yi41 yr
— Z ‘e Z Z e Z .7)(!/1)1)(4"1|!/1) . °P(L’/TI;UT—I)p(-":TI;’/T)
i Yi—1 Yi41 yr

Ben Lengerich © University of Wisconsin-Madison 2025



Elimination on Undirected Chains

(o QC@ (o




Example: Conditional Random Fields

p(Y1s- - yr|X)
X exXp (U’1,2¢(Ll/1~, LUQIX) + ’u72.3¢(;l/2.~ ’!/3|X) T i s s T ’wT—l.,Td)(’lJT—l.« ’!/T’X)
+u1p(y1|x) + uap(ya|x) + ... + ’UT¢(’!/T|X))
= O(y1,y2)P(y2,93) - . . (I’(’Z/T—L yr)
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The Sum-Product Operation

* In general, we want to compute the value of an expression of

the form:
2.1 1

Z ¢EF
where F is a set of factors

« We call this task the sum-product inference task.
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Variable Elimination: General form

* Write query in the form

P(Xy,€) = z PN [P(xi | pay)

X3 X2

* Then iteratively:
« Move all irrelevant terms outside of innermost sum.

* Perform innermost sum, getting a new term.
* Insert the new term into the product.
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Outcome of elimination

* Let X be some set of variables
* Let F be a set of factors such that for each ¢ € F,Scope|¢p] € X

* LetY c X be aset of query variablesand Z = X — Y be the
variable to be eliminated.

* The result of eliminating Z is a factor

=) | [o

Z ¢EF
 This doesn't necessarily correspond to any probability or
conditional probability.
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Evidence and Sum-Product

= _. [1 ifE, =¢
* Evidence potential o(E;,€) = io if £, #¢
* Total evidence potential S(E,e)=]]5(E,.e)

ielg

* Introducing evidence-restricted tactors:

(Y, &) =ZH¢-6(E,5)

z,e ¢QEF
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Variable Elimination Algorithm

Procedure Elimination(
G, //the GM
E, // evidence
Z, // set of variables to be eliminated
X, // query variable(s)

Initialize (G)

Evidence (E)

Sum-product-Elimination (F, Z2)

4. Normalization (F)

W N
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Variable Elimination Algorithm

Procedure Initialize (G, Z)

(I = 174 Z, be anordering of Z suchthat Z, < Z; iff i <
5 Initialize F with the full the set of factors

Procedure Evidence (E)
1. foreachiel,

Procedure Normalization (¢*)

1. PX|E)=¢"(X)/2.¢"(X)

Procedure Sum-Product-Eliminate-Var (
F, /| Set of factors
Z [/ Variable to be eliminated

)

F=F US(E, e) 1. F'«—{peF :Z e Scopd g}
2. F""«—F —-F’
Procedure Sum-Product-Variable-Elimination (F, Z, <) 3. yellyer ¢
1 forr="1 .... k 4 T2y
F «— Sum-Product-Eliminate-Var(F, Z,) 5. returnF " v {7
2 g — llger ¢
s return ¢ Complexity is exponential in number of
4. Normalization (¢") variables in the intermediate factor
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Understanding Variable Elimination

A graph elimination algorithm

O @ O @ ® @ ® @ ® B o—>
G AAY >
@ @ S .

=

| AN allg

* Intermediate terms correspond to the cliques resulted from

elimination @

@@
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Variable Elimination: Example

—
Query: P(A|h) o
* Need to eliminate: B,C, D, E, F, G, H
Initial factors:

P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)P(H|E,F)

Step 1:

* Conditioning on evidence (fix H to h)

pa(E,F)=P(H = h|E, F)

Same as a marginalization step

pu(E.F) = Y, P(H = h|E, F)5(h = h)
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Variable Elimination: Example, p2 (B
o Query: P(A|h) o 0

* Need to eliminate: B,C,D, E,F, G, H

Initial factors: e o
P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)P(H|E,F)

-> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(FIAP(G | E)p,(EF) (&)  (HD

Step 2: Eliminate G (B CA)
pa(E)=2,P(G=yglE)=1 (&f G
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)p(E,F) (E) F

=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A) py(E,F)
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Variable Elimination: Example, p3 B
o Query: P(A|h) o 0

* Need to eliminate: B,C,D, E,F, G, H
Initial factors: e o
P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)P(H|E,F)

—> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|AP(GE)py(EF) (&)  (HD
—> P(A)P(B)P(C| B)P(D| A)P(E| C,D)P(F|A) py(E,F)

Step 3: Eliminate F (B) A
pa(E,A) = P(F=flApa(E,F) E§ G
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D) p(A,E) E
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Variable Elimination: Example, p4

]
Query: P(A|h) o
* Need to eliminate: B,C,D, E,F, G, H

Initial factors:
P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)P(H|E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)py(E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A) py(E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D) pe(A,E)
Step 4: Eliminate E
pe(A,C,D) =), P(E=e¢|C,D)pr(A, E)
=> P(A)P(B)P(C|B)P(D|A)pc(A,C,D)
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Variable Elimination: Example, p5

Query: P(A|h)
* Need to eliminate: B,C,D, E,F, G, H
Initial factors:
P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)P(H|E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A)P(G|E)py(E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A) py(E,F)
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D) pe(A,E)
=> P(A)P(B)P(C|B)P(D|A)p((A,C,D)
Step 5: Eliminate D

pp(A,C) =3 4 P(D =dlA)pr(4,C, D)
=> P(A)P(B)P(C|B) pp(A,C)
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Variable Elimination: Example, p6 B
o Query: P(A|h) o o

* Need to eliminate: B,C,D, E,F, G, H

Initial factors: e e

P(A)P(B)P(CI B)P(D IA)P(E | C,D)P(FlA)P(G | E)P(H | E,F)

—> P(A)P(B)P(C|B)P(D| A)P(E|C,D)P(FIA)P(G|E)pu(EF) (&)  (HD
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A) pH(E,F)

_> P(A)P(B)P(C|B)P(D|A)P(E | C.D) pu(A,E)

_> P(A)P(B)P(C| B)P(D | A)pq(A,C.D)

—> P(A)P(B)P(C| B) py (A,C)

Step 6: Eliminate C @
pc(A,B) =2, P(C =c|B)pp(A,C)

=> P(A)P(B)P(C|B) p.(A,B)
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Variable Elimination: Example, p7 (B
o Query: P(A|h) o o

* Need to eliminate: B,C,D, E,F, G, H

Initial factors: e e

P(A)P(B)P(CI B)P(D IA)P(E | C,D)P(FlA)P(G | E)P(H | E,F)

—> P(A)P(B)P(C|B)P(D| A)P(E|C,D)P(FIA)P(G|E)pu(EF) (&)  (HD
=> P(A)P(B)P(C|B)P(D|A)P(E|C,D)P(F|A) pH(E,F)

_> P(A)P(B)P(C|B)P(D|A)P(E | C.D) pu(A,E)

_> P(A)P(B)P(C| B)P(D | A)pq(A,C.D)

—> P(A)P(B)P(C| B) py (A,C)

=> P(A)P(B)p.(A,B) ®

Step 7: Eliminate B

pe(A) =5, P(B =0b|A)pc(A, B)
=> P(A)pg(A)
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Elimination Cliques
B 0‘0
i g -
e
B W e W e LW OP=
- R :. <] <2
& GO &

m,(e, f) m,(e) m(e,a) m,(a,c,d)
® @ @ =& = @
E’ :'.:
m,(a,c) m_(a,b) m,(a)

Algebraic elimination = Graphical Elimination
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Understanding Variable Elimination

A graph elimination algorithm

O @ O @ ® @ ® @ ® B o—>
G AAY >
@ @ S .

=

| AN allg

* Intermediate terms correspond to the cliques resulted from

elimination @

@@
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Questions?
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