STAT 453: Introduction to Deep
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Recall

1. Perceptron learning algorithm = gradient descent as a general
algorithm

Conceptualized gradient descent via computation graphs
3. How to write code in PyTorch to train basic neural nets
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Today: Our old friend logistic regression...

1. A better loss function for classification (cross entropy instead of
MSE)

2. Extending neurons to multi-classification (multiple output nodes +
softmax)

=
&
H
c
2
@
>z
g
fi?‘.
5
se
00
)
000
oo

L -]
aaaaa ~ °o.ﬂmgs:g
— 8 .8
= ® .“: ‘l:.:'l*
_ aa aa &
In s
T —
Q efgillgons ! .
=
X o 2§ 0
, S—®Le L,
-2 0 2 o
= ° 2808 °
s -1 E 5 o® ° ——
E E g U ogoo e
= . e LR
o o X xEERyIT
A _..® 2 x xx¥* x
PN 3 .
- N mgm m
mk u fgo IIIII gt
-2
Cross-Entropy . ' ; - T T T
-3 -2 -1 0 1 2 3

| One-Hot True Labels I

Ben Lengerich © University of Wisconsin-Madison 2025




Logistic Regression Neuron

* For binary classes y € {0, 1}
1

- 1l+e*

B0 \

L2 Wa i Zi:wim,; +b— a=o0(2) —> "output"

"logistic sigmoid" o (z)

Wm
L'm

 In ADALINE, the activation function was identity function: (z) = z

e ADALINE we used MSE as loss function: MSE = %Zi(a[i] — y[i])z

* We'll use a different loss function for logistic regression
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The building block: Logistic Sigmoid Function
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Logistic Regression

* Given the output:

h(x) = o(w'x + b)

* We compute the probability as

) h(x) ify=1
P(ny{l—h(x) if y = 0

/

Can we write this more compactly?
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Today: Our old friend logistic regression...

Logistic regression as an artificial neuron

Negative log-likelihood loss

Logistic Regression Learning Rule

Logits and Cross-Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
One-Hot Encoding and Multi-category Cross-Entropy
Softmax Regression Learning Rule
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Softmax Regression Code Example
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Logistic Regression

* Given the output:

h(x) = o(w'x + b)

* We compute the probability as

) h(x) ify=1
Pylx) = {1 _h(x) ify=0
|

P(ylx) = a¥(1 — )~

Recall Bernoulli distribution...
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Logistic Regression: Estimation

e Given the probability:
P(ylx) = a¥(1 — a)1~¥)

* Under MLE estimation, we would like to maximize the multi-sample
likelihood:

P(?J[ﬂ: oy x ...,x[”]) — HP(yH]\x[ﬂ)
i=1
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Logistic Regression: Estimation

e Given the probability:
P(ylx) = a¥(1 — a)1~¥)

* Under MLE estimation, we would like to maximize the multi-sample
likelihood:

P(?J[ﬂ: Ly x[”]) — H P(y[i] ‘X[i])
Suppose this were linear regression: h(x) = wlix +b

w3 = [ [N 1))

] , 2
Lw,b; X,y) x — 1_[ (y[l] — h(x[l])) ‘ WyLE BMLE = argmin z (y[i] — h(x[i]))z

i

2w, b; X, y) o« — 2 (y[i] - h(x[i]))2

i

i
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Logistic Regression: Estimation

e Given the probability:
P(ylx) = a¥(1 — a)1~¥)

* Under MLE estimation, we would like to maximize the multi-sample
likelihood:

(2) (7)

7] (g(z(i)))y (1 . g(z@)))ly

Likelihood
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Logistic Regression: Estimation

(2)

: n 1—
P(y[?’]? cony y[ﬂ'} |X[1]? ?X[ﬂ']) — H (J(z(i)))y (1 — J(z(i))) ’

=1

Y
Likelihood

* We are going to optimize via gradient descent, so let’s apply the
logarithm to separate components:

[((w) = log L(w)

n

|

Log-Likelihood
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Negative Log-Likelihood (NLL) Loss

[((w) = log L(w)

= 3 (59108 (0(=9)) + (1 -39 log (1 ~ 7))

=1 ]

Log-Likelihood

* |n practice, we often minimize negative log-likelihood instead of
maximizing log-likelihood:

w = argmin — [(w)
Y J
Log-Likelihood
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Negative log-likelihood loss
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The building block: Logistic Sigmoid Function

(2) e 1 d —Z
g _— _—
1+ e? l1+e 2

A nice property: Derivatives of the sigmoid function are nice to us

—o(2) =

=0(2)(1 —0(2))
dz (1+e%)2
0.25 A
1.0
0.8 0.20 -
Y y 015
activation - 0
0.4 4 % 0.10
0.2 4
0.05 A
0.0 1
—l8 -6 _]4 —l2 (') 2 Z]L 6 2'3 0.007 1 T . '
z -8 -6 -4 =2 0 2 4 6 8
net input ‘
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Logistic Regression: Loss for a Single Training Example

J‘:\‘ //
. -

o(z)

L(w)=—(yWlog (§) + (1 — y™) log (1 — §V))

L(w) = —y@® 1og (a (z(i))) + (1 — y(i)) log (1 — a(z(i)))
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Logistic Regression: Learning Rule

Same gradient descent rule as before:

oL 0Lda 0z
Ow;  0Oa dz Ow,
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Logistic Regression: Learning Rule

Stochastic gradient descent:
1. Initialize w:=0€ R™,b:=0
2. For every training epoch:
A. Forevery (xUl yliy e D
@ 9% :=ocx"Tw+b)
B) Vil = — (4 — glil)xl

Vol = —(y* —g1¥) Note
© w:=w+nx(—VuL) a—y e —(yl — g
b:=b+nx(=VpL)
—_——
learning rate T

negative gradient
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|
i
1 wq
To »z=>» wzi+b— a=o0(z) — "output"
w2 i
. wm
L

In logistic regression, we can use
. 1 if > 0.5
j = { if o(2)

0 otherwise

which is the same as

.1 if z>0.0
Y= 0 otherwise
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We can think of this part as a "separate" part that converts the
neural network values into a class label, for example; e.g., via a
threshold function

Predicted class labels are not used during training (except by the
Perceptron)

ADALINE, Logistic Regression, and all common types of multi-layer
neural networks don't use predicted class labels directly for
optimization as a threshold function is not smooth
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About the term “Logits”

* “Logits” = “log-odds unit”: logit(p) = log (&)

* “Logits” is very common DL jargon
* Typically means the net input of the last neuron layer

* In logistic regression, the “logits” are:  w!x
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About the term “Binary Cross Entropy”

* Negative log-likelihood and binary cross entropy are equivalent
* They are just formulated in different contexts
* Cross entropy comes from the "information theory" perspective

Ha(y) = — Z (y[i] log(a[i]) +(1— y[i]) log(1 — a[i])) Binary Cross Entropy
z This assumes one-hot encoding where the y's are either 0 or 1

K
Huy(y) = Z —y,[c] log (ag]) (Multi-category) Cross Entropy
' for K different class labels
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Logistic regression coding example

https://github.com/rasbt/stat453-deep-learning-
ss21/blob/master/L08/code/logistic-regression.ipynb
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Example: MNIST Image Dataset

Balanced dataset:
« 10 classes (digits 0-9)
« 6k digits per class
Image dimensions: 28x28x1

; é f In NCHW, an image batch of
128 examples would be a tensor with

dimensions (128, 1, 28, 28)

Training set images: train-images-idx3-ubyte.gz (9.9 MB, 47 MB unzipped, and 60,000 examples)
Training set labels: train-labels-idx1-ubyte.gz (29 KB, 60 KB unzipped, and 60,000 labels)

Test set images: t10k-images-idx3-ubyte.gz (1.6 MB, 7.8 MB, unzipped and 10,000 examples)
Test set labels: t10k-labels-idx1-ubyte.gz (5 KB, 10 KB unzipped, and 10,000 labels)
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Example: MNIST Image Dataset

Image batch dimensions: torch.Size([128, 1, 28, 28]) <—— "NCHW" representation

Image label dimensions: torch.Size([128])

print(images[0].size())

torch.Size([1l, 28, 28])

images|[0]

tensor([[[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, O.0000,

0.0000, 0.0000, 0.0000, 0.00007], 01
[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 5 |

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000],

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 10
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, O.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.00007, 151
[0.0000, 0.0000, 0.0000, 0.0000, 0.5020, 0.9529, 0.9529, 0.9529,
0.9529, 0.9529, 0.9529, 0.8706, 0.2157, 0.2157, 0.2157, 0.5176, 20 A

0.9804, 0.9922, 0.9922, 0.8392, 0.0235, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000],

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 51

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, . . , . , .
0.6627, 0.9922, 0.9922, 0.9922, 0.0314, 0.0000, 0.0000, 0.0000, 0 5 b 15 0 5
0.0000, 0.0000, 0.0000, 0.0000],

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.4980, 0.5529, : :
0.8471, 0.9922, 0.9922, 0.5961, 0.0157, 0.0000, 0.0000, 0.0000, Note that | normalized pixels
0.0000, 0.0000, 0.0000, 0.0000], by factor 1/255 here

[0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0667, 0.0745, 0.5412, 0.9725, 0.9922,
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One approach to multi-class classification

I
One-vs-all _ .
Predict each class label independently...
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...Then choose the class with the highest confidence score
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One approach to multi-class classification

I
All-vs-all

Explicitly predict the probability of e(qch competing outcome...

N f)
L2
X AA\E&?
2‘ A
>

oy
...Then choose the class with the highest confidence score
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Another approach

|
Predict probabilities of class membership simultaneously

activations are
class-membership
probabilities
(NOT mutually

exclusive classes)

W e R"*™
where h is the number of classes
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Multinomial (“Softmax”) Logistic Regression

|
activations are
class-membership probabilities
(mutually exclusive classes)

l

predicted class label

S
0
F

— az A
T
v ) Y
A
X

argmax
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Negative log-likelihood loss

Logistic Regression Learning Rule

Logits and Cross-Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
One-Hot Encoding and Multi-category Cross-Entropy
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Multinomial (“Softmax”) Logistic Regression

|
activations are
class-membership probabilities
(mutually exclusive classes)

l

predicted class label

S
0
F

— az A
T
v ) Y
A
X

argmax
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“Softmax”

i i e’
Ply=1| zi]) — UsoftmaX(Zi ]) = ]

te{j.h} N\
h is the number of class
labels

A “soft” (differentiable) version of "max”
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Requires one-hot encoding

class labels class_0 class_1 class_ 2 class_3
0 1 0 0 0
1 >
0 1 0 0
0 0 0 1
0 0 1 0
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Loss Function (assuming one-hot encoding)

(Multi-category) Cross Entropy
for h different class labels

r— LL Mlog( ])

1=1 7=1
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Loss Function (assuming one-hot encoding)

[vbina.ry — = Z (y[z] log(a‘[Z]) T (1 o y[l]) log(l o a’[Z]))
1=1

This assumes one-hot encoded labels!
n h
_ e [2]
£=>>" 1o d
i=1 j=1

for h different class labels
(Multi-category) Cross Entropy
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Cross Entropy Example

Y-onehot —

o OO -
o O = O
_ =0 O

Asoftmax outputs —

(4 training examples, 3 classes)
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0.3792
0.3072
0.4263

0.2668

0.3104
0.4147
0.2248
0.2978

0.3104 ]
0.2780
0.3490
0.4354




Cross Entropy Example

1 training example

1 0 0') (0.3792 0.3104 0.3104]

v o1 0 A ~10.3072 0.4147 0.2780
onehot = 1 1 softmax outputs = 1) 4963 ().2248 0.3490
0 0 1 10.2668 0.2978 0.4354

(4 training examples, 3 classes)

(4 V[ b I = [(-1) - 10g(0.3792)] |
Lzzz ~y} og (af”) + [(~0) - 1og(0.3104)]
i=1j=1 + [(—0) - log(0.3104)]

; © o =0.969692... )
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Cross Entropy Example

T1 o 0] 0.3792 0.3104 0.3104])
Yo = 0 1 O A ~10.3072 0.4147 0.2780
onelot (0 0 1| “heoftmaxoutputs = 149637 (2248 0.3490
(00 1) 0.2668 0.2978 0.4354
. p
LM = [(-1) - 1og(0.3792)] LP? = [(—0) - 1og(0.3072)]
+ [(—0) - 10g(0.3104)] + [(—1) - 10g(0.4147)]
+[(=0) - log(0.3104)] + [(—0) - 1og(0.2780)]
= 0.969692... = 0.880200... . |
\. J i 1og (au[jz])
4 ) 4 N
LB = [(-0) - 1og(0.4263)] L4 = [(=0) - 1og(0.2668)]
+ [(—0) - log(0.2248)] + [(—0) - 10g(0.2978)]
+[(=1) - log(0.3490)] + [(~1) - log(0.4354)]
= 109268... ) __ =0.831490... )
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Logits and Cross-Entropy

Logistic Regression Code Example

Generalizing to Multiple Classes: Softmax Regression
One-Hot Encoding and Multi-category Cross-Entropy
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Softmax Regression Code Example
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The Same Overall Concept Applies...

oL oL w’)
Want: 8—’wz and %
0L 0Lda 0z

8—wi ~ Oa dz Ow;

8l 8l 8o 8a? 8alV

L 0L dadz ouf) 90 oa? oa’ ouf}
- = 8l do 0a al”
ob  Oa dz 0b T30 9a® D pul]

Multivariable chain rule :)
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Softmax Regression Sketch

I
L1
<1 aq
W12 \ L(a
o /' ( 7Y)
Z9 a2
No weight between z & a
L3 < wa, 3
Multivariable OL  |OL|0a1 8z N 0L Day | 0z
Cha|n I‘U|e 8’&)1,2 B 8@1 821 6’(1)1,2 as -le |9w1,2
4 N
N Y2
a, _a_2

Ben Lengerich © University of Wisconsin-Madison 2025



Softmax Regression Derivation

oL . oL 6031 3Z]_ OL 8032 azl
3’11)1,2 - Oa 3Z1 6'w1,2 3032 le 6'w1,2

_J=1
0 .
= — |—y1 1
day . Y1 log (al)]
__N
43!
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Softmax Regression Derivation

]
OL  OL|0ay 0z B_L Bﬂ 0z
8'11)1,2 N 8(11 62’1 61()]_,2 8a2 821 Bwl,g

Difference Rule  f(z) — glx) f'(z) — o'(x)

Product Rule __f(x)g(x) ___f'(z)a(z) + f(x)q'(z)
QuotientRule  f(z)/g(z)  [g(z)"(z) — f(z)g'(z))/lg(=))*
Reciprocai Rule 1/ 7(2) [P

Chain Rule fla(z)) Flolz))g'(z)

Function Derivative
aal a l 821 ] Sum Rule fl@)+glx) fl=)+9'(x)
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Softmax Regression Derivation

— 0L  OL da; 8z
3’!1)1’2 - 60,1 621 3’!1)1,2

OL 6&2 le

Bag le 6’!1)172
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Sum Rule
Difference Rule
Product Rule
Quotient Rule
Reciprocal Kuie

Chain Rule

Function Derivative

@) +glz) f)+4g()

fl@)—glz) fiz)-g'(x)

f(z)a(z) f'(z)q(x) + f(x)q'(a)
1@)/9@)  l9l@)f(@) - (@) @)/ [g(e))
7] =@ rE®

Flg(=) Flg(x))g'(x)




Softmax Regression Derivation

oL . oL 8&1 821 n oL 8&2 3Z1
a’w]_,z N 601 8z1 Bwl,g 8&2 821]_ a’w]_,z
0

— 8w1’2 [’w1,2 - T + b]
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Softmax Regression Sketch

—
L1
<1 a1 \
1,2 L(a,y)
L2 /
Z9 a2
No weight between z & a
L3 < w2 3
Multivariable oL 0L day 02 . oL day 9% Vectorized Form:T T
Chain rU|e 8’11)1,2 o 8a1 8z1 (9’(1)1,2 8&2 8z1 (9’(01,2 VWE = _(X (Y o A))
= _—yl[al(l —a1)|re + _—yz(—azal)l‘z where W e RF*™
ax as X e RPX™
= (Y201 — Y1 + y101)T2 A c grxh
= (a1(y1 +y2) — y1)z2 -

= —(yl - C11)5172
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Today: Our old friend logistic regression...

Logistic regression as an artificial neuron

Negative log-likelihood loss

Logistic Regression Learning Rule

Logits and Cross-Entropy
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One-Hot Encoding and Multi-category Cross-Entropy
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Softmax Regression Code Example
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Softmax Regression Hands-On Example

petal length [cm]

-3 —2 -1 0 1 2 3
sepal length [cm]

https://github.com/rasbt/stat453-deep-learning-
ss21/blob/master/L08/code/softmax-regression scratch.ipynb
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