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Recall
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1. Perceptron learning algorithm → gradient descent as a general 
algorithm

2. Conceptualized gradient descent via computation graphs

3. How to write code in PyTorch to train basic neural nets



Today: Our old friend logistic regression…
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1. A better loss function for classification (cross entropy instead of 
MSE)

2. Extending neurons to multi-classification (multiple output nodes + 
softmax)



Logistic Regression Neuron

• For binary classes 𝑦 ∈ {0, 1}

• In ADALINE, the activation function was identity function: 𝜎 𝑧 = 𝑧

• ADALINE we used MSE as loss function: 𝑀𝑆𝐸 =
1

𝑛
σ𝑖 𝑎 𝑖 − 𝑦 𝑖 2

• We’ll use a different loss function for logistic regression
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The building block: Logistic Sigmoid Function
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Logistic Regression

• Given the output:

• We compute the probability as

Can we write this more compactly?
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Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



Logistic Regression

• Given the output:

• We compute the probability as

Recall Bernoulli distribution…

Ben Lengerich © University of Wisconsin-Madison 2025



Logistic Regression: Estimation

• Given the probability:

• Under MLE estimation, we would like to maximize the multi-sample 
likelihood:
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Logistic Regression: Estimation

• Given the probability:

• Under MLE estimation, we would like to maximize the multi-sample 
likelihood:

Suppose this were linear regression: ℎ 𝑥 = 𝒘𝑻𝒙 + 𝑏

𝐿 𝒘, 𝑏; 𝑿, 𝒚 = ෑ

𝑖

𝑁 𝑦 𝑖 ℎ 𝑥 𝑖

𝐿 𝒘, 𝑏; 𝑿, 𝒚 ∝ − ෑ

𝑖

𝑦 𝑖 − ℎ 𝑥 𝑖
2

ℓ 𝒘, 𝑏; 𝑿, 𝒚 ∝ − ෍

𝑖

𝑦 𝑖 − ℎ 𝑥 𝑖
2

ෝ𝒘𝑀𝐿𝐸 , ෠𝑏𝑀𝐿𝐸 =  argmin ෍

𝑖

𝑦 𝑖 − ℎ 𝑥 𝑖
2
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Logistic Regression: Estimation

• Given the probability:

• Under MLE estimation, we would like to maximize the multi-sample 
likelihood:
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Likelihood



Logistic Regression: Estimation

• We are going to optimize via gradient descent, so let’s apply the 
logarithm to separate components:

Likelihood

Log-Likelihood
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Negative Log-Likelihood (NLL) Loss

• In practice, we often minimize negative log-likelihood instead of 
maximizing log-likelihood:

Log-Likelihood
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ෝ𝒘 = argmin − 𝑙(𝒘)

Log-Likelihood



Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



The building block: Logistic Sigmoid Function

A nice property: Derivatives of the sigmoid function are nice to us
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Logistic Regression: Loss for a Single Training Example
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Logistic Regression: Learning Rule

Same gradient descent rule as before:
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Logistic Regression: Learning Rule

Stochastic gradient descent:
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Logistic Regression: Predicting Labels vs Probabilities

• We can think of this part as a "separate" part that converts the 
neural network values into a class label, for example; e.g., via a 
threshold function

• Predicted class labels are not used during training (except by the 
Perceptron)

• ADALINE, Logistic Regression, and all common types of multi-layer 
neural networks don't use predicted class labels directly for 
optimization as a threshold function is not smooth
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Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



About the term “Logits”

• “Logits” = “log-odds unit”: logit 𝑝 = log (
𝑝

1−𝑝
)

• “Logits” is very common DL jargon
• Typically means the net input of the last neuron layer

• In logistic regression, the “logits” are: 𝒘𝑇𝒙
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About the term “Binary Cross Entropy”

• Negative log-likelihood and binary cross entropy are equivalent

• They are just formulated in different contexts

• Cross entropy comes from the "information theory" perspective
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Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



Logistic regression coding example

https://github.com/rasbt/stat453-deep-learning-
ss21/blob/master/L08/code/logistic-regression.ipynb
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Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



Example: MNIST Image Dataset
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Example: MNIST Image Dataset
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One approach to multi-class classification
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Predict each class label independently…

…Then choose the class with the highest confidence score

One-vs-all



One approach to multi-class classification
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Explicitly predict the probability of each competing outcome…

…Then choose the class with the highest confidence score

All-vs-all



Another approach
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Predict probabilities of class membership simultaneously



Multinomial (“Softmax”) Logistic Regression
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Today: Our old friend logistic regression…
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2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy

8. Softmax Regression Learning Rule

9. Softmax Regression Code Example



Multinomial (“Softmax”) Logistic Regression
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“Softmax”
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A “soft” (differentiable) version of ”max”



Requires one-hot encoding
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Loss Function (assuming one-hot encoding)
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Loss Function (assuming one-hot encoding)
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Cross Entropy Example
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Cross Entropy Example
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Cross Entropy Example
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Today: Our old friend logistic regression…
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1. Logistic regression as an artificial neuron

2. Negative log-likelihood loss

3. Logistic Regression Learning Rule

4. Logits and Cross-Entropy

5. Logistic Regression Code Example

6. Generalizing to Multiple Classes: Softmax Regression

7. One-Hot Encoding and Multi-category Cross-Entropy
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The Same Overall Concept Applies…
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Multivariable chain rule :)



Softmax Regression Sketch

Ben Lengerich © University of Wisconsin-Madison 2025

No weight between z & a



Softmax Regression Derivation
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Softmax Regression Derivation
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Softmax Regression Derivation
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Softmax Regression Derivation
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Softmax Regression Sketch
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No weight between z & a
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3. Logistic Regression Learning Rule
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Softmax Regression Hands-On Example
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https://github.com/rasbt/stat453-deep-learning-
ss21/blob/master/L08/code/softmax-regression_scratch.ipynb
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.

Questions?
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