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Today

* Deep Generative Models
* VAEs

e GANSs
e Diffusion Models
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Deep Generative Models

©



Recall Generative and Discriminative Models

« Generative:

* Models the joint distribution P(X, Y).
 Discriminative:

* Models the conditional distribution P(Y|X).
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Two paths to P(Y|X)

e Discriminative:

Observe x, v [ . c:  7(Y/x)

« Generative:
 LearnP(X|Y),P(Y)
» Calculate P(X) = [ P(X,Y)dY

P(X|Y)P(Y)
P(X)

Observe X, Y P(Y[X) =
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Example Generative Model: Naive Bayes

Learn P(X|Y), P(Y)

P(X|Y)P(Y)
P(X)

Observe X, Y P(Y|X) =

e Parameterize:
» Assume P(X|Y) =[], P(X;|Y), P(Y =k) =

* P(X;|Y) = N, oj3)  /

Conditional independences of features X | Y

#of samples with Y=k

/ Total samples

Frequency of labels
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Example Generative Model: Naive Bayes

Learn P(X|Y), P(Y)

P(X|Y)P(Y)
P(X)

Observe X, Y P(Y|X) =

e Parameterize:

e Assume P(X|Y) — ?=1P(Xj|Y), P(Y _ k) _ #of samples with Y=k

Total samples

e Estimate:
* {,0 = argmax, ,P(X|Y)
%, P(X;|Y = 1)p(r=1)
P(X)

e Calculate P(Y = 1|X) =
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Deep Generative Models

R
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Deep Generative Models

* Define probabilistic distributions overs a set of variables
« "Deep” means multiple layers of hidden variables!

:
;
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Early forms of deep generative models

 Hierarchical Bayesian models
* Sigmoid belief nets [Neal 1992]

)
p (z.(l) = 1‘91-,2(2) ) =0 (B'{z,(lz))
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Early forms of deep generative models

[
* Hierarchical Bayesian models generative
1
« Sigmoid belief nets [Neal 1992] layer : :azes :
* Neural network models XA CV>
. : ofe
* Helmoltz machines [Dayan et al., 1995] b 5 .
y OO0OWOOO
SR | 0 BWEhe
» 00000
input
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Early forms of deep generative models

* Hierarchical Bayesian models
* Sigmoid belief nets [Neal 1992]
* Neural network models

* Helmoltz machines [Dayan et al., 1995]
* Predictability minimization [Schmidhuber 1995]

[Schmidhuber 1996]

Ben Lengerich © University of Wisconsin-Madison 2025



Training DGMs

* Via an EM-style framework
« Sampling / data augmentation

= {er ZZ}

z1%V ~p(z,|2,, x)
2 ~p(zy|27¢Y, x)

Z7

* Variational inference
log p(x) = Eq,(z1x)[log pe(x, 2)] — KL(qe(2]x) || p(2)) = L(6, p; x)
maX0'¢L(9, ¢, X)

 Wake sleep
Wake: max gEg (z|x) [log pg(x|2)]
Sleep: max c/)[Epg(xlz) [log d¢ (ZlX)]
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Variational Autoencoders (VAES)

©



Recall Variational Inference

p(z|x)

" KL(q(z:v*) || p(z] %))

VI solves inference with optimization.
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Recall EM and the ELBO

logp(x | 0) = E;qllogp(x,z16)]+H(q) + KL(q(z | x) Il p(z | x,0))
EM: Letq;(z | x) =p(z | x,60;). Variational Inference: Let g(z | x ) be
Max p(x | 8) by iterating: some family that’s easier to optimize.
' / 1 |10) = E,_,[] Zz|0)|+H
0(0',0,) = EZ~p(Z|9t)[lng(x'Z 16")] ogp(x | 6) : gllogp(x,z16)] (Q)’

|

0., = aremax g’ 0
t+1 & 6:Q( t) “ELBO”: Evidence Lower Bound

equivalently,

ELBO = logp(x |1 6) —KL(q(z | x)||p(z, x0))




Autoencoders

— | ENCODER

INPUT
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DECODER

@

RECONSTRUCTED
INPUT

[Michelucci 2022]



https://arxiv.org/pdf/2201.03898

Variational Autoencoders

a [Kingma & Welling, 2014]

o Use variational inference with an inference model
a Enjoy similar applicability with wake-sleep algorithm

o Generative model pg(x|z), and prior p(z)
o Joint distribution pg(x,z) = pg(x|2z)p(2)

o s
¢~ —6
o Inference model g4 (z|x) R : / Do(xl2)
inference model : Gj/ generative model
N
| —

Figure courtesy: Kingma & Welling, 2014
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Variational Autoencoders

We want to estimate the true parameters g*
of this generative model.

tsrjéncr:)éer\:j'}(t)i?nal T How should we represent this model?
]’U'(-" | :(:)) A

Sample from

true prior >
po~(2) -
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Variational Autoencoders

We want to estimate the true parameters ¢*
of this generative model.

Sample fr_o‘m How should we represent this model?
true conditional I
i 4 , :
po-(x | 2'V) Choose prior p(z) to be simple, e.g.
Decoder Gaussian.
network . ‘
Sample from Conditional p(x|z) is complex (generates
true prior | > image) => represent with neural network

po-(z)
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Variational Autoencoders

Sample from
true conditional xZ
po-(z | 2\V) t
Decoder
network
Sample from
true prior > ’

po-(2)
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We want to estimate the true parameters g+
of this generative model.

How to train the model?




Variational Autoencoders

We want to estimate the true parameters g+
of this generative model.

Sample from How to train the model?
true conditional 4
A | ~(2) A
po-(z | 2™) maximize likelihood of training data
Decoder
network
pe(z) = [ po(2)pe(x|z)dz
Sample from
rue prior > ’ Now with latent z

po-(2)
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Variational Autoencoders

Data likelihood: pe(z) = [ pe(2)pe(x|z)dz
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Variational Autoencoders

® v v
Data likelihood: po(@ fpo (2)po(z|2)dz

f

Intractible to compute
p(x|z) for every z!

Posterior density also intractable: g (z|T)
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v vV

= po(z|2)pe(2 )/pe(w)

f

Intractable data likelihood




Variational Autoencoders

® v Vv
Data likelihood: po(z) = [ pe(2)pe(z|2)dz
v v ©
Posterior density also intractable: po(z|T) = po(x|2)pe(2)/po(x)

Solution: In addition to decoder network modeling p,(x|z), define additional
encoder network q ¢(z|x) that approximates p,(z|x)

Will see that this allows us to derive a lower bound on the data likelihood that is
tractable, which we can optimize
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Variational Autoencoders

Since we’re modeling probabilistic generation of data, encoder and decoder networks are probabilistic

Mean and (diagonal) covariance of z | x Mean and (diagonal) covariance of x | z
R e
| Hale || Zgs | (Halz | B |
Encoder network Decoder network
q4(z|z) po(z|2)
(parameters ¢) (parameters B)
4 2
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Variational Autoencoders

Now equipped with our encoder and decoder networks, let's work out the (log) data likelihood:

log pe(z'?) = B0 tala(h)) [l()g 1)(,(.1'(’“))] (po(z'") Does not depend on z)
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Variational Autoencoders

Now equipped with our encoder and decoder networks, let's work out the (log) data likelihood:

log pg(z'") = E. g, (zlz) [l()g 1),,(.1'('”))] (pe(x'")) Does not depend on z)

(1)
= E. |log Po: | 2)po( )] (Bayes™ Rule)
po (2 '))
[ r(?) A1)
=B, B2 LOBEIGEI ] piselobo citait)
L 1)” o | &I (') ([¢_‘)(~ | I('))
: | B Tank))
= E. |logpe(z'" .:)] - E. !l()u K J + E. [l()g 9o(2 | 2 )] (Logarithms)
L [)()( ) [)(;(Z | .l'('))
= E. [logps(2?) | 2)| = Dir(as(= | 29) || po(2)) + Dicr(g6(z | 2?) || pa(z | 2?))
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Variational Autoencoders

Now equipped with our encoder and decoder networks, let's work out the (log) data likelihood:
log pg (') = By as(2lat®) [I()g p,,(.r("))] (po(x'”) Does not depend on z)

po(z'") | z)pe(2)

= E. |log

2 ] (Bayes™ Rule)
| 1)0 | T (:)
[ pe(z'V) | 2)pe(2) q,, z | )
= E. [log (Multiply by constant)
% T pez [20)  go(z | 20)
(i) s} k) |
= . ]on pol: pl?) | 2 ] - E. [l()u 9o(2 | 2 )] [l()g 90(2 | 2 )] (Logarithms)
po(z) po(z | V)
= E. [logpa(z?) | 2)| — Dir(gs(= | 29) || pa(2)) + Dicr(as(= | 2V) || pa(= | 2?))
Decoder network gives pg(x|z), can This KL term (between pe(z_lx) intra?table (saw ;
compute estimate of this term through ~ Gaussians for encoder and z ~ earlier), can't compute this KL
sampling. (Sampling differentiable prior) has nice closed-form term :( But we know KL
through reparam. trick, see paper.) solution! divergence always >= 0.
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Variational Autoencoders: Reparameterization Trick

We want to use gradient descent to learn the model’s
parameters

Given z drawn from gg(z|x), how do we take derivatives of (a
function of) z w.r.t. 67

We can reparameterize: z=u+ o ®¢€
e ~N(0,1), and ® is element-wise product
Can take derivatives of (functions of) z w.r.t. u and o

Output of gg(z|x) is vector of u's and vector of ¢'s
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Variational Autoencoders: Reparameterization Trick
& Sor

Original Reparametrized
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Variational Autoencoders: Reparameterization Trick

Now equipped with our encoder and decoder networks, let's work out the (log) data likelihood:

log pg(z'") = By vaalala®) [l()g 1)(,(.1'(i’)] (pe(x'") Does not depend on z)

i (2) | » »
) 2)po(z .
= E. |log Po( l M( ) (Bayes™ Rule)
1 r(?) ” (7)
) - ) - O\~ £ .
= E. [log Po: I )Po ) q A )] (Multiply by constant)
%8 T pe(z [20)  gelz | 20)
; v (1) J(12)
ge(2 | 2 go(2 | T ,
= E. l(w po(z'? | 2)| — E, [l()" 1o\ | )] + E. [l()u E | )] (Logarithms)
: po(z) po(z | V)
=|E. [logpe(2? | 2)| — Dxcr(ge(z | 29) || pa(2))|+ Dicr(as(z | ) || po(z | 2©))

- »
W = —

>0

L(z'V.0,0)

Tractable lower bound which we can take
gradient of and optimize! (p4(x|z) differentiable,
KL term differentiable)
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. ]()gp,,(.r“' 2) Dgi(qgsl(2 .I'(”)H])u(i))

. -

[:(.l'("". 0,0)
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Variational Autoencoders

I
Putting it all together: maximizing the
likelihood lower bound

E. l()gp,,(.l"” 2) Dgr(gs(2 .1'“")[“)“(;))

N

L(zD.0,6)

Let's look at computing the bound
(forward pass) for a given minibatch of
input data

Input Data h
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. |logpe(z'" | 2)| — Drr(qs(z | ') || pe(2))

N -

L(z',0, )
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Hzlz | e

Encoder network

94(2|2) |
Input Data l

N

h




Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. |logpe(z'" | 2)| = Drr(gs(z | ') || pe(2))
L(x 'T. 0,0)
2
e - Sample zfrom 2|z ~ N (212, 22|2)
ake approximate
posterior distribution / \
close to prior ’ Hz|z ‘ Zzla:
Encoder network v
90(2|2)
Input Data h
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. |logpe(z'" | 2)| — Dkr(gs(z | ') || pe(2)) ll'xlz Zmlz

) L(x! i) 9. ) ’ Decoder network \/
po(z|2)

A
Sample z from zl:E ~ N(/lfz|:1:e Ez|m)

Make approximate
posterior distribution

close to prior l Hz|z I zjzlsz:
Encoder network —  w_ .
wiel) N
Input Data b
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Variational Autoencoders

- maximizing the
likelihoogdTower bound

-I'm) ||I)n(2))

—_

E. [logpe(z'" | 2)| = Dg1(gs(z

L(zD. 0, 6)

Make approximate
posterior distribution
close to prior
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— | z \
Maximize
ikelihood of ~ Sample x|z from Z|z ~ N (ftz|2s Lz|2)
original input
being / \
reconstructed M|z Efﬂl o
Decoder network \/
po(z|2)

2
Sample z from z|:1: ~ N(/£z|xe Zzlx)

Hzlz | s
Encoder network '
q4(z|) \/
Input Data i




Use decoder network. Now sample z from prior!

Variational Autoencoders: Generating

DANANNANANANAAANANNNSNNSNSNNNNS
VAV EHELLLLLLLUNSNSNSN~
QAW HLLLLLLOVYYS Y NN~
QAVVUHNINNLLnt GIVIVE -~~~
QAUAVOVUHINININtn 0o e BBV D D W -~
QAOAOOVUHINININMHOEBPBIIDI D @ - -
QOAOOOMHIMMMMNH MBI ID D W - -
QOOQOIMMMM MM MW®DDD P "
OODMIMM MMM WD DD e e
QODOMMM MMM WD DD e e e
QOQMMM M "0 00 00 o on o
DAl IS 0% 0 0000 0000 tn om0~ B P
N L L L R R
it ofororrororrrs oo~
o ogorororororrraaon~
JdadadadagooocoorrrTrraann~N
SddddgooorsrorrrIrrr2NN~N
SAdTTTTTrTrorsrr>rII2R22NN
S B g gl i el ol ol ol ol ol ol ol N N N NN

E:L'I::,*'

| T
Sample x|z from :L'|Z B N(ll:c|za Z:L‘|z)
Ha|z
Z

Decoder network
po(z|2)

Sample z from 2 ~ N(0, I)
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Variational Autoencoders: Generating

Use decoder network. Now sample z from prior! VAEs tend to generate blurred

images due to the mode
covering behavior (more later)

| & |
Sample x|z from .’L‘|Z ~ N(ltxlza 2ar:|z)

i ™

M|z > 2z
Decoder network v
po(z|z)
2
Sample z from z ~ N(0, ]) Celebrity faces [Radford 2015]
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Generative Adversarial Networks (GANSs)
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Generative Adversarial Nets (GANSs)

o [Goodfellow et al., 2014]

a Generative model x = Gy(z2), z ~ p(2)
a Map noise variable z to data space x
a Define an implicit distribution over x: pg, (x)
o a stochastic process to simulate data x
o Intractable to evaluate likelihood

a Discriminator Dy (x)
o Output the probability that x came from the data rather than the generator
o No explicit inference model

o No obvious connection to previous models with inference networks like VAEs
a We will build formal connections between GANs and VAEs later
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GANs

o Learning

o A minimax game between the generator and the discriminator

o Train D to maximize the probability of assigning the correct label to both
training examples and generated samples
a [rain G to fool the discriminator

maxp Lp = Egrp,.,. (@) 108 D()] + Egc(z),z2~p(z) [l0g(1 — D(x))]
ming Lg = Egog(z),2~p(2) l0g(1 — D(x))] .

1( Real)
real iage 1(rea|)

g G

(generator)

— Discriminator training
Generator training

Z - N(0,1)

fake image
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GANs

o Learning

o A minimax game between the generator and the discriminator

o Train D to maximize the probability of assigning the correct label to both
training examples and generated samples
a [rain G to fool the discriminator

maxp Lp = Egrp,.,. (@) 108 D()] + Egc(z),z2~p(z) [l0g(1 — D(x))]
ming Lg = Egog(z),2~p(2) l0g(1 — D(x))] .

1( Real)
real iage 1(rea|)

g G

(generator)

— Discriminator training
Generator training

Z - N(0,1)

fake image
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GANSs: example results

[Radford et al., 2016]
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GANs and VAEs: A Unified View
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GANs

* Implicit distribution over x ~ pg(x | y)

Pge () g 1= 1) (distribution of generated images)
pe(wly) N pda,ta,(iB) == (distribution of real images)

e x ~py,(x) W x =Gy(2),z~p(z 1y =0)

* X~ pdata(x)
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GANs: Rewrite in Variational-EM format

* The familiar “Variational-EM" format:
maXe Lo = Ep—gy(2),z~p(zly=0) [108(1 — Dg(x))] + Egnp,.,. ) l0g Dg(x)]
maxXg Lo = Eg—c,(z),z~p(z|y=0) 108 Dy ()] + Egnp,.,. ) l0g(1 — Dg(x))]
= Ez=Gy(2),2~p(2ly=0) 102 Dg()]

 Implicit distribution over x ~ pg(x | y): )
x =Gg(2),z~pzly=0) v
* Discriminator distribution g4 (y | x ): @
qp(y 1x) =qe(1—y1x)

maxe Lo = Bpy(@ly)p(y) 108 94 (y[2)] (:L'|y)
maxg Lo = Epy(aly)p@y) [108 75 (Y]T)]
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Variational EM vs. GANs

» Variational EM * GAN
 Objectives * Objectives
maxyLye = Eq, (i 10g pe(x12)] + KL (g4 (z10)|Ip(2)) maXg Lo = By (aly)p(y) (108 74 (y|2)]
maxgLgpg = U::q(,b(zpc) [log pe(x|2)] + KL (Q¢(Z|x)||P(Z)) maxg Lg = IEpg(:l:|y)p(3,/) [log (1(1;) (v'.l/}a:)]
» Single objective for both 8 and ¢ « Two objectives
» Extra prior regularization by p(z)
e The reconstruction term: * Maximize the conditionallog-
. . . likelihood of y with the distribution
* Maximize the conditional log-likelihood PR
: ) 2T 44y | x) conditioning on
of x with the generative distribution data/generation x from pg(x | )
pe(x | z) conditioning on the latent . .
code z inferred by g4 (z | x) * 4y (¥ | x) is the generative

* pg(x | z) is the generative model model

* pg(x | y)istheinference

* 44 (z | x) is the inference model Todel
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GANs vs VAEs: A Symmetry

Hu et al. “Unifying Deep Generative Models”

GANs (InfoGAN)

VAEs

Generative
distribution

pg(x) y=0
po(x|y) =
p9( |/) {pdata(w) y = 1.

po(x|z,y) = {pe(w|z) y=0
’ pdata(w) y = 1.

Discriminator

~ mingKL(Pg || Q)

distribution qe(V|x) q.(y|x), perfect, degenerated
-inf
z ';i;eer;ce q,(z|x,y) of InfoGAN qn(z|x,y)
N— ming KL (pg(x|y) || " (x]2,¥)) | mingKL (qn(ZIx, ¥)ql(ylx) || pe(z,ylx)]
minimize

~mingKL(Q || Pg)
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https://arxiv.org/abs/1706.00550

GANs vs VAEs: A Symmetry

Hu et al. “Unifying Deep Generative Models”

GANSs (InfoGAN) VAEs
KLD to ming KL (pg(x|y) || ¢"(x|z,y))  |mingKL(qy,(z|x,y)qi(¥|x) || pe(z, y|x))
minimize ~mingKL(Pg || Q) ~mingKL(Q || Pg)

« Asymmetry of KLDs inspires combination of GANs and VAEs
 GANs: mingKL(Pg||Q) tends to missing mode

* VAEs: mingKL(Q||Pg) tends to cover regions with small values of p44ta

'//\ )

Mode covering Mode missing
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https://arxiv.org/abs/1706.00550

Diffusion Models

©



Diffusion Models

¢ DDPM (Ho-Jain-Abbeel 2020) : Produce new data using a sequence of denoising steps.

Denoising Diffusion Probabilistic Models
ot e

7

xo ~ p(x) 211 ~ P(Te—1|T¢) = N (denoise(Zt, Nt); Tencise (E)]) o ~ N(0,1)
ey ST , 2 " 55 |
Probability of Ty—1 = ay Tt — byt + Ogencise(t)2, 2 ~ N (0~ I) Xt is sampled from a
training/real data (what prior (unconditional)
we want to estimate) Xt.1 is produced with a linear combination of the probability.

current denoised data x;, an estimation of the
noise n; and a pure random noise z.

Starting from pure noise x = x7, gradually remove noise to
generate intermediate states xt_;, X1.5... until reaching a clean

-
7

data x = xX,, which belongs to the training distribution p(x).

Backward process

[Slide from Xavier Bresson]
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Diffusion Models

@ The denoising steps are learned from the forward pass, which consists in adding noise to the
original data :

éﬁ...ﬁﬁ...ﬁﬁ
I I

2
xo ~ p(x) xy ~ p(re|Ti1) = N(ﬂ'noise('f’t—l)s Unoise(t)l) Tp ~ _/\/'(0, I)
Probability of Ty = o1 + 01210ise )z, z~ N (0-. I) xt samples from a
training/real data prior probability

X; is computed with a linear
combination of the current noisy data
X1 and a pure random noise z.

Starting with clean data x = x, from the training set, add noise to
generate intermediate states x;, X, ... until reaching a high noise level
X = X1, where the original structure is no longer recognizable.

Forward process

[Slide from Xavier Bresson]
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Questions?
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