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Announcements

* HW1 Due this Friday via Canvas
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Today

* Perceptron
e Soft threshold = Likelihood
 Gradient descent

e Backpropagation & computation graphs
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McCulloch & Pitt’s neuron model (1943)
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Rosenblatt’s Perceptron

|
Rosenblatt, F. (1957). The perceptron, a perceiving and recognizing automaton. Project Para.

Cornell Aeronautical Laboratory.
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Generalizes MP neurons a bit...

Source: http:/Awww.enzyklopaedie-der-wirtschaftsinformatik.de/wi-enzyklopaedie/Members/wilex4/Rosen-2.jpg
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Perceptron Learning Algorithm

e Assume binary classification task

* Perceptron finds decision boundary is classes are separable
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Iteration 0

Code at https://github.com/rasbt/stat453-deep-learning-
ss20/blob/master/L03-perceptron/code/perceptron-animation.ipynb
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Perceptron Learning Algorithm (pseudocode)

Let
D = ((xU, 1), (x 4B, (M y)) € (R™ x {0,1})"

1. Initialize w :== 0™ (assume weight incl. bias)

2. For every training epoch:
1. Forevery (x[i],y[i]) eD:
1. pl = O'(x[i]TW) «<—— Only-Oor1
2 err = (y[i] — y[i]) «—— Only-1,0,0r1

3 w=w+errxxli
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Perceptron Geometric Intuition

Decision boundary Weight vector is perpendicular

to the boundary. Why?

Remember,

- 0, wix <0
Y= 1, wlix >0

w'x = ||w|| - [|x]] - cos(6)

——

So this needs to be 0 at the boundary,
and it is zero at 90°
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Perceptron Geometric Intuition: Learning

input vector for an example with label 1

This is the new weight vector
CORRECT SIDE

WRONG SIDE

For this weight vector, we make a wrong prediction;
hence, we update
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Beyond Rosenblatt’s Perceptron

[
Perceptrons generalize MP Neurons . Classic Rosenblatt
—
Continuous Activation P threshold function Perceptron
x] / We|ght|ng / function \
. ; sigmoid —— DL “Perceptron” /
Oft > sigmoid unit
ot =2 W X; 1
i £ Olhal VS identity — Linear Regression

(Logistic) Sigmoid

* Many activation functions:
* Threshold function (perceptron, 1950+) ) ReLU (Recified Linear Unit)

ifz>0

e Sigmoid function (before 2000) e R Zi MU(ZF{SI othersise

s
+{ ReLU(z) = max(0, z)
N

* RelLU function (popular since CNNs)
* Many variants of RelU, e.g. leaky RelLU, GelU

—————————————
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Sigmoid unit: Logistic regression gives an optimizer

* For binary classes y € {0, 1}

"logistic sigmoid" O'(Z) = 1+ o>
€

B0 \

L2 Wy > wizi+b— a=0(z) —> "output"

Wm
Lm
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Sigmoid unit: Logistic regression gives an optimizer

— "logistic sigmoid" o(2) = ] +16_z
* Given the output: By
A W
h(X) — J(WTX _|_ b) -’17:2 sz=zi:w.'x.-+b—b a=o(z) — ‘output

* We compute the probability as

) h(x) ify=1
PO =91 b ify=o

|

P(ylx) = a¥(1 — a)(*-¥)

Recall Bernoulli distribution...
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Sigmoid unit: Logistic regression gives an optimizer

e Given the probability:
P(ylx) = a¥(1 — )1V

 Under MLE estimation, we would like to maximize the multi-sample

likelihood: o
Py, ..yttt xlml) = T P (v 1)
n y(i) R 1_y(i)
= H (J(z(i))) (1 — O‘(Z(?’)))
i=1
| q ]
Likelihood
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Sigmoid unit: Logistic regression gives an optimizer

y(i) (7)

. n 1—
P(y[‘ﬂ?___?y[ﬂ”X[l}j___:X[ﬂ]):H(a(z(i))) (1_0(,2@)) '

1=1
\ J
|

Likelihood

* We are going to optimize via gradient descent, so let’s apply the
logarithm to separate components:

[((w) = log L(w)

=2 _ [yW g (0(z7)) + (1 - y") log (1 — o (=1))]

=1 ]
Y

Log-Likelihood
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Sigmoid unit: Logistic regression gives an optimizer

0L 0Lda 0z
Ow;  Oa dz Ow,
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Logistic Regression: Gradient Descent learning Rule

Stochastic gradient descent:
1. Initialize w:=0€ R™, b :=0
2. For every training epoch:
A. Forevery (x!! ylily e D
@ 9 =0o(x"Tw+b)
b) Vol = _(y[i] _ g[i])x[i]

Vol = —(y" —g19) Note
€ w:=w-+ n X (—Vwﬁ) a—Y & —(y[i] — g[i])
bim b+ x (VL)
—_—
learning rate T

negative gradient
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Beyond Rosenblatt’s Perceptron

[
Perceptrons generalize MP Neurons _ Classic Rosenblatt
—>
Continuous Activation P threshold function Perceptron
- 521 Weighting / function \
. ; sigmoid — DL “Perceptron” /
Oft »() sigmoid unit
el :E‘OWI' Xi o = G(net) = l_mr \
l+e
*n Gradient Descent
(Logistic) Sigmoid
* Many activation functions:
* Threshold function (perceptron, 1950+) ) ReLU (Rectiied Linear Unit
e Sigmoid function (before 2000) e R ! MU<Z>={SI herwise

s
+{ ReLU(z) = max(0, z)
N

* RelLU function (popular since CNNs)
* Many variants of RelU, e.g. leaky RelLU, GelU

—————————————
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Multilayer Perceptron

 Computation Graph with Multiple Fully-Connected Layers

T Y1 Y2Ys
01 l
T9 02 > ﬁ(Y’ 0)

use softmax if this is a multi-class
problem with mutually exclusive classes
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Backpropagation

* Neural networks are function compositions that can be represented as
computation graphs:

VOl

variables Outputs

Intermediate
computations

* By applying the chain rule, and working in reverse order, we get:

dfn L afn ale L afﬂ afi.i afi.l
Z 8_}%‘,1 Ox N Z Z dfig Ox N

11€ET(N) i1 Eﬂ'(n) io€Em(i1)
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Quick Calculus Refresher

| . . .
Derivative of a function = "rate of change" = "slope"

f(x) &
20 4
f(x) =2x
16 -
flat AQ) - g _
12 4
fla+Aq) - f(a)
g
(o) e S —
‘ e
0 T i r T : . T
0 2 . 4 6 | 8 10
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|
Ad
Slope _ f((1+ A(I) - f({l) _ f({l—|— Qﬂ) — f({l)
a+ Aa—a Aa
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Quick Calculus Refresher: Function Derivative

o L df . f(z+Az) - f(z)
f(m)_ﬁ_&g]ﬁo Ax

Example 1: f(z) = 2

@ — lim flx + Azx) — f(x)
dr Az—o0 Azx
o 24+ 2Azx — 2z
= lim
Ax—0 A.’L’
s 2Ax
= lim ——
Axr—0 Am
= lim 2.

Ax—0
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Quick Calculus Refresher: Function Derivative

— .. df . flz+Az)— f(z)
f(m)_ﬁ_aglﬂo Azx

Example 2: f(z) = z*

@ — lim flz+ Az) — f(x)
dr Az—0 Ax
. z? 4+ 2zxAz + (Azx)? — 22
= lim
Azxz—0 Ax
. 2zxAz+ (Ax)?
= lim
Az—0 Az
= lim 2z + Azx.

Axz—0
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Quick Calculus Refresher: Geometric Intuition

| d

. L 2 2
Conceptually, we obtained the derivative dr L =&

By approximating the slope (tangent) by a secant
between two points (as before)

f(x) 5
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Quick Calculus Refresher: Cheatsheet

Function f(x)

O & N O G o= W N =
8
e
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Derivative with respect to z
0

1

2z

log(a)a”®
1/x
1/(zlog(a))
cos()

— sin(x)

sec?(x)




Quick Calculus Refresher: Cheatsheet (2)

Reciprocal Rule

Sum Rule

Difference Rule

Product Rule

Quotient Rule

Chain Rule

Function Derivative
f(z)+g(z) [fl(z)+g(z)
f(z)—g(z) f(z)—g(z)
f(z)g(z) f'(z)g(z) + f(z)g' ()
f(x)/g9(x)  [g()f'(z) — f(=)g'(x)]/[g(x)]?
1/f(z) —[f'(@))/[f (2)]?
f(g(z)) f'(9(z))g'(z)
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Chain Rule

» The chain rule is basically the essence of training (deep) neural
networks

* If you understand and learn how to apply the chain rule to various

function decompositions, deep learning will be super easy and
even seem trivial to you from now on

« |n fact, neural networks will become even easier to understand
than any algorithm you learned about in my previous ML class
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Chain Rule & Computation Graphs
- F(x) = (g(x)) =z

Decomposition of some
(nested) function:

/ N

"inner" part "outer" part

F'(x)=1(g(x)) 9'(x) =2’

Derivative of that
nested X— O — f’

function:
Z r
X— g’
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Chain Rule & Computation Graphs
_ F(x) =f(g(x)) =2

Later, we will see that PyTorch

can do that automatically for us :)
(PyTorch literally keeps a computation
graph in the background)

/ AN

"inner" part "outer" part
F'(x)=1"(a(x) ) g'(x) =2’
Also, PyTorch can compute the X— g — f’
derivatives ,
of most (differentiable) functions Z
automatically ,
X— g
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Computation graphs: RelLU

— Suppose we have the following activation function:

a(x, w, b) =relu(w -x +b)

z ifz>0
81 relu(z) —{ 0 otherwise

6_

for example,
activation a 4 |

-100 -75 -50 -25 00 25 50 75
for example, net input z

RelLU = Rectified Linear Unit

(prob. the most commonly used activation function in DL)
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Computation graphs: RelLU

alx, w, b) =relu(w -x + b)
—

Uy J
Y
"4
b
X a= relu(v)]
:}}}{ u = wx
W
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Computation graphs: RelLU

{a = reIu(v)J
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Computation graphs: RelLU

{a = reIu(v)J
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Computation graphs: RelLU

P[a = relu(v)]
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Computation graphs: Single-path

E(y, 01 (w1 y :131))

Y
ol l
0 v L(y,0) =1
.7'10]_ — A1 » O — l
8a1 0o
Owy day

ol Ol 0do 0Oay

8—w1:80.8a1.8—w1

(univariate chain rule)
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Computation graphs: Fully-Connected Layer

aagl)
8w{51%
Bagl)

5w£2
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Computation graphs: Weight-Sharing

L(y,03|01(w1 - 1), 02 (w1 - 21)])

01(21) = a1
80,1
ow,. @1 do

Y
-~ 9y O j
- \ do y L(y,0)=1

w o3(a1,az) =o

1 -~
8&2

6—101 02(21) = Q2

Upper path

ol _ 0l 9o Oam Ol 9o Oay o .
w: 9o Oai Ow,  do Oay 0w, (multivariable chain rule)

Lower path
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Questions?
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  𝒘 ≔  0 m


   ⟨   𝒙   [ i ] ,    y   [ i ] ⟩ ∈ D


     y ^  [ i ] ≔ 𝜎  (   𝒙   [ i ] T 𝒘 )


  e r r   ≔  (   y   [ i ] −    y ^   [ i ] )


  𝒘 ≔ 𝒘 + e r r   ×    𝒙  [ 𝒊 ]


  y ∈ { 0 ,   1 }

